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Abstract. Full classification of geometric spaces was proposed by Isaak 
Yaglom in [2]. By defining the elliptic, parabolic (or linear) and hyperbolic 
kinds of measure and applying them to distance, plane and dihedral angle of 
different dimensions we get 3 n geometric spaces of dimension n. In his work 
[3] Yaglom says that "finding a general description of all geometric systems 
[was] considered by mathematicians the central question of the day." A. B. 
Khachaturean resumed Yaglom's work in [8]. 

Author developed a uniform model for all these spaces where distance and 
angle measure kinds are parameters. This model is calculus centric, but can 
also be used in theoretical research. It is useful in the following domains: 

• deduction of uniform equations among geometric spaces; 

• uniform model applied to any space, which provides an easy way to 
calculate distances, plane and dihedral angles of any dimension, areas 
and volumes as well as parallel (where applied) and orthogonal property 
detection; 

• study of not yet described spaces and more. 
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1. Definitions 

As was shown by Yaglom in [2], some n-dimensional geometric space can 
be defined specifying its n characteristics, or measure kinds. We will use 
numbers 1 for elliptic characteristic, for parabolic (or linear) one and — 1 
for hyperbolic one. So, full space specification is a set of n characteristics 
k±, k n G {—1, 0, 1}, which can be detected by a simple algorithm. 
Define 

i 

Ki = 11^,^1 = 0^1. (1) 

3=1 

For two vectors x, y G PlR n , x = (x : ... : x n ), y = (yo '■ ■■■ '■ y n ) define a dot 
product in respect of characteristics k\...k n as 



Qy = J2 K i x iVi- ( 2 ) 



x 

i=0 



and cross product in respect of k\...k n so that 

(x © y) 2 + ki(x ® y) 2 = (x x)(y © y), Vx,y G 
It can be checked thatQ 



x ®y 



\ 



jr K i K j{ x iVj - XjVi) 2 - (3) 

1 i<j=0 



These products were considered by Klein in [1] for elliptic and hyperbolic 
spaces. 

A (n + 1) x {n + 1) matrix is generalized orthogonal in respect of k\...k n if 
for all columns Ci,Cj = 0,n) 

-c i Oc j = < . . (4) 



■K-min(i,j) I 0, i ^ J. 



1 Here and further we will consider for simplicity that fc° = 1 for fc = too. We will say 
x divide k l , k = if in expression x/k l the exponent of k in numerator is greater then or 
equals to i. 
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Having characteristics k e {— 1, 0, 1} consider functions C, S, T : M — >■ 



x 2t 



C(x)=C(k,x) = E(-^P)T' ( 5 ) 



i=0 

x 2i+l 



S(x) = S(k,x) = E(-^(o-Tl)!' ( 6 ) 



i=0 



It's easy to see, that 





cos a;, 


k = 


1, 


C{x) = | 


1, 


k = 


0, 




^ cosh a;, 


k = 


-1 




[sin a;, 


k = 


1, 


= < 




k = 


o, 




[sinhx, 


k = 


-1 




1 tana;, 


k = 


1, 


T(x) = 




k = 


o, 




It aim a; , 


k = 


-1 



Define a geometric space with characteristics ki...k n as "unit ball" in pro- 
jective space: M n = {x e FR n | x © x = 1}. Consider "points" X e M n 
corresponding vectors x G PPJ\ Consider "space transformation" all linear 
mappings of PM n whose matrices are generalized orthogonal. They are also 
transformations of B n as they preserve it. Consider m-dimensional planes 
images of M m C B n on some transformation. All m-dimensional planes are (re- 
stricted to B n ) linear combination of first m + 1 columns of some generalized 
orthogonal matrix. So, we can identify m-dimensional planes, m < n with 
such (n + 1) x (m + 1) matrices. 

For two m-dimensional planes X, Y define dot product in respect of k\...k n 

as 

n m 

XQY= Yl X n,.,J'l... i ,,,n i f L - (8) 

«0<...<lm=0 p=l P 
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where 



M, 



m m o ■■■ rn lri 



and cross product so that 

(X Yf + k m+l {X <g> Yf = {XQX){YQ Y) 
It can be checked that 



X®Y 



k 



l - ± M u y t ,.^^.00 



m+1 



io<...<im=0 

j <...<j m =0 

io...im<jo---3 m 



K 2 
P =i p 



This model generalizes spherical model of elliptic space, hyperboloid model 
of hyperbolic space [6], projective euclidean space model [7] and describes many 
new spaces. 

2. Calculus in uniform model 

Author shows that dot and cross products of points and planes is invariant 
in respect of space transformation. Moreover, it can be used for distance and 
angle calculus based on equalities (m < n). 



XQY = C7 m+1 (0), 
X®Y = S m+1 (0), 



(10) 
(11) 



where X and Y are two points (if m — 0) and is distance between them or 
X and Y are m-dimensional planes (if m > 0) and is angle between them 
and functions C m+1 (x) = C(k m+l , x), S m+1 (x) = S(k m+1 ,x). 

For some figure F C M n volume can be calculated using the following 
equation 

V R (F) = -L-V M (C F ) (12) 

71+1 

where Cp C R n+1 is cone having origin O = {0,...,0}^B"as vertex and figure 
F as base, Vb is native volume in B n and Vk is volume in sense of M n+1 . The 
advantage of this approach is the fact Mr is volume in a linear vector space 
which is usually easily to find. 
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Based on this unified model we can deduce common equation among all 
spaces. For example, consider B 2 with characteristics ki and k 2 and triangle 
ABC G B 2 with edges a, b and c, interior angles a, 7 and exterior angle /3' 
(interior angle (3 may not exist). Then sine and cosine I and II lows have 
identical form in all 9 2-dimensional spaces: 

S^o) SAbl Si(cl 

S 2 (<*) S 2 (J3') 5 2 ( 7 )' 1 ' 

and 

d(a) = 0^)^(6) + k 1 S 1 (b)S 1 (c)C 2 (a), (14) 

Ci(6) = C 1 (a)C 1 (c)-A; 11 S 1 (a) 1 S 1 (c)C 2 (/3 , ), (15) 

d(c) = C7 1 (a)C 1 (6) + A; 1 S' 1 (a)S' 1 (6)C 2 (7), (16) 



C 2 (a) = C 2 ( / 3')C 2 ( 7 ) + A; 2l S 2 (/3 / )52(7)Ci(a), (17) 
C 2 (/T) = C7 2 (a)C7 2 (7)-A; 2 S , 2 (a)S , 2 (7)Ci(6), (18) 
C 2 ( 7 ) = C 2 (a)C 2 ( / 5 / ) + A: 2 -5 2 (Q ; ) ( 5 2 ( / 5 / )C 1 (a), (19) 



or 



T 2 ( v _ T 2 (5) + T 2 (c) - 2T 1 (6)T 1 (c)C 2 (a) + k^Tf^Tfjc)^) 

' (l + M^c)^)) 2 ' U,,) 

T 2, M = T 2 (a) + T 2 (c) + 2r 1 (a)r 1 ( C )C 2 (ff) + fc 1 fc 2 T 1 2 (a)T 1 2 ( C )5?(^) 

lU (1 - fc 1 7\(a)T 1 (c)C7 2 (/3')) 2 ' 1 J 

T 2, x _ T 2 (a) + T 2 (6) - 2T 1 (a)T 1 (6)C 2 ( 7 ) + fcifc 2 T 1 2 (a)I?(6)^( 7 ) , . 

llJ (l + A; 1 T 1 (a)T 1 (6)C 2 (7)) 2 ' 1 J 

T 2, v _ g(g) + g(7) - 2T 2 (P')T 2 ( 1 )C 1 (a) + fc^TfQgQTffr^a) 

2{ ) ~ {i + k 2 T 2 {p)T 2 {i)CMY ' ( j 

T2/ o, _ g(g) + ?f (7) + 2T 2 (a)r 2 ( 7 )C7i(6) + hk.T^T^Sfib) 

2 _ T 2 (a) + 7*Q3') - 2T 2 (a)r 2 Q9')C 1 ( C ) + fe^T^T 2 ^')^) 
2l7J (l + A; 2 r 2 (a)T 2 (^)Ci(c)) 2 ' 1 J 

As another example, consider B 2 with characteristics hi, k 2 — 1 and A_BC e 
S 2 right triangle with catheti a, b, hypotenuse c and angles a and /3. Equations 
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of ABC have the same form for elliptic, euclidean and hyperbolic planes. 



THc) 


= T? (a) + T? (b) + fci T? (a)T? (b) , 

1 V / 1 1 V / 1 11 V / 1 V /' 


(26) 


1 V / 


= T\ (c) cos o;, 


(27) 


TAa) 


= Ti(c)cos/3, 


(28) 


S, (a) 


— i p\ ^in rv 

^lV'-'/ '-'All (_x . 


(29) 


Si(P) 


= ^(c) sin /3, 


(30) 


Ti(a) 


= S 1 ! (6) tana, 


(31) 


Ti(b) 


= S'i(a) tan/3, 


(32) 


cos a 


= Ci(a)sin/3, 


(33) 


cos/3 


= Ci(6)sino;, 


(34) 


Ci(c) 


= cot a cot /3. 


(35) 
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